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HOMOGENEOUS FLUXES, BRANES AND A
MAXIMALLY SUPERSYMMETRIC SOLUTION OF
M-THEORY
JOSÉ FIGUEROA-O'FARRILL AND GEORGE PAPADOPOULOS
Abstrat. We nd M-theory solutions with homogeneous uxes
for whih the spaetime is a lorentzian symmetri spae. We
show that generi solutions preserve sixteen supersymmetries and
that there are two speial points in their moduli spae of param-
eters whih preserve all thirty-two supersymmetries. We alulate
the symmetry superalgebra of all these solutions. We then on-
strut various M-theory and string theory branes with homoge-
neous uxes and we also nd new homogeneous ux-brane solu-
tions.
1. Introdution
Solutions of supergravity theory that preserve all spaetime super-
symmetry have played a entral rle in the understanding of the prop-
erties of superstrings and M-theory. The appliations range from the
quantisation of superstrings in ten-dimensional Minkowski spaetime
to the formulation of the AdS/CFT orrespondene. Most of our un-
derstanding is based on the large number of unbroken supersymmetries
that suh solutions exhibit. In M-theory, it is well known that bak-
grounds that preserve all thirty-two supersymmetries inlude eleven-
dimensional Minkowski spae, AdS4×S7 and AdS7×S4. Less well-
known is that in addition to the above three spaes there is another
solution of D = 11 supergravity theory whih preserves all supersym-
metries. This solution was disovered by Kowalski-Glikman[19℄ and in
what follows we shall refer to it as the KG spae or solution.
In this paper, we shall investigate solutions of supergravity theo-
ries in ten and eleven dimensions that have ovariantly onstant form
eld-strength uxes. In this paper we will all these uxes homoge-
neous, sine the spaetimes we will be onerned with will be symmet-
ri spaes, and for a symmetri spae these two onepts agree. We
therefore dene a homogeneous p-brane (or Hp-brane) to be a solution
with ISO(p, 1) Poinaré invariane and with a U-duality representa-
tive whih has homogeneous uxes. Suh solutions do not neessarily
arry usual p-brane harges but as we shall see in some ases desribe
the asymptoti geometry of p-branes in the presene of a homogeneous
ux. We shall also nd that our H-branes are losely related to ux-
branes (or F-branes). In fat, we shall show that if instead of reduing
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Minkowski spaetime [11, 10℄, we redue a ertain H-brane spaetime,
we obtain an F-brane in the presene of additional uxes.
We shall fous on the H-branes that are onstruted from a large
family of eleven-dimensional Lorentzian symmetri spaetimes found
by Cahen and Wallah [5℄. We all them CahenWallah (CW) spaes.
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In partiular we shall show that generi CW spaes equipped with a
homogeneous four-form null ux are solutions of eleven-dimensional
supergravity preserving one half of the supersymmetry. The resulting
solution is an M-theory pp-wave in homogeneous four-form ux, or
Hpp-wave. Our solutions inlude a spaetime with homogeneous uxes
found in [22℄.
We shall then investigate the moduli spae of these solutions and we
shall nd that there are two speial points. One is eleven-dimensional
Minkowski spaetime and the other is the KG spaetime. At both of
these points there is supersymmetry enhanement and the solutions
preserve all thirty-two supersymmetries of M-theory.
We shall nd the Killing vetors and Killing spinors, and ompute the
symmetry superalgebra of Hpp-waves. The Killing vetors and Killing
spinors of the KG solution were omputed expliitly in [6℄. Antiipating
the importane that the KG solution may have in the ontext of M-
theory, we shall ompute its symmetry superalgebra. We shall nd that
the dimension of the bosoni part of the algebra of the KG solution is
38 whih is the same as that of the AdS4×S7 and AdS7×S4 solutions
of M-theory. However unlike the latter two ases where the isometry
group is semisimple, the isometry group of KG solution is not. The
symmetry superalgebra of the rest of the Hpp-waves will also be given.
We shall investigate the redution of the M-theory Hpp-wave that
we have found and in partiular that of the KG spaetime to IIA string
theory. The redued solution is a IIA H0-brane. It is known that in
some ases after KaluzaKlein redution, the redued solution preserves
less supersymmetry than the original one, see for example [1, 4, 20℄. It
has been argued in [16℄ for the speial ase of T-duality on tori hyper-
kähler manifold, but applies more generally, that a neessary ondition
for preserving supersymmetry in supergravity theory is that the Lie
derivative of the Killing spinors along the diretion of ompatiation
vanishes. This ondition does not depend on the hoie of oordinates
and the hoie of frame of spaetime. More generally, the number of su-
persymmetries preserved in supergravity theory after reduing a super-
symmetri solution is equal to the number of Killing spinors whih have
vanishing Lie derivatives along the diretion of ompatiation. We
shall see that the above ondition on the Killing spinors is equivalent
to requiring that the superharges assoiated with the redued solution
are those of the original supersymmetri solution that ommute with
1
No onfusion should arise with the unrelated notion of a CW omplex, familiar
to topologists.
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the generator of translations along the ompat diretion. In parti-
ular we nd that for the generi Hpp-wave the radius of the ompat
diretion an be hosen suh that the solution preserves one half of
the supersymmetry in eleven dimensions. However, the Lie derivative
along the ompat diretion of the Killing spinors of an Hpp-wave does
not vanish. Therefore, the assoiated H0-brane does not preserve any
supersymmetry in the ontext of IIA supergravity. This is also reminis-
ent of the bakgrounds with supersymmetry without supersymmetry
of [12℄. For the Hpp-wave assoiated with the KG spaetime, the radius
of the ompat diretion an be hosen suh that the solution preserves
thirty-two or sixteen supersymmetries in eleven dimensions. However
again, the Lie derivative of the Killing spinors does not vanish along
the ompat diretion and so the assoiated H0-brane does not pre-
serve any supersymmetry in IIA supergravity. Using U-duality one an
onstrut Hp-branes in IIA (p even) and IIB (p odd) supergravities.
We shall also onsider the superposition of our H-brane solutions
with the standard M-branes. We shall in fat fous on the superposition
of an M-theory pp-wave [18℄ with an Hpp-wave. We shall nd that upon
redution to IIA supergravity, the solution has the interpretation of
D0-branes in the presene homogeneous uxes, or HD0-branes. Using
U-duality, one an then onstrut HDp- and HNSp-branes in type II
theories.
Our H-brane solutions an also be used to onstrut a lass of ux-
branes with additional homogeneous uxes (HF-branes, for short). For
this, we shall perform a redution in a lass of our M-theory Hpp-wave
solutions. The resulting IIA onguration has a magneti two-form
ux harateristi of a F7-brane, in addition to the uxes whih are
redutions of the homogeneous four-form eld strength.
This paper has been organised as follows. In Setion 2, we summarise
the onstrution of CW spaes and investigate their geometry. In Se-
tion 3 we give the Hpp-wave solutions of eleven-dimensional supergrav-
ity. In Setion 4 we ompute the Killing spinors for the Hpp-waves and
those of KG spaetime. In Setion 5 we examine the isometries of
the Hpp-waves. In Setion 6 we give the symmetry superalgebra of
Hpp-waves and in partiular that of KG spaetime. In Setion 7 we
use U-duality to onstrut many H-brane solutions. In Setion 8 we
use the spinorial Lie derivative to investigate the number of supersym-
metries preserved by a solution after a KaluzaKlein redution. We
then apply our results in the ontext of H-branes. In Setion 9 we nd
HD- and HNS- brane solutions. In Setion 10 we nd HF-brane solu-
tions. Finally, in Setion 11, we disuss the moduli spae of maximally
supersymmetri solutions of eleven-dimensional supergravity.
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2. CahenWallah Lorentzian Symmetri Spaes
In this setion we present the onstrution due to Cahen and Wallah
[5℄ of a family of indeomposable Lorentzian symmetri spaes. This
family exists for any dimension ≥ 3, but we will onsider only the
eleven-dimensional asethe general ase following straightforwardly
from this one. Let x± be light-one oordinates, xi; i = 1, . . . , 9 be
oordinates in R
9
and A = (Aij) be a real symmetri matrix. The CW
metri is
ds2 = 2dx+dx− +
∑
i,j
Aijx
ixj(dx−)2 +
∑
i
dxidxi (1)
It is not hard to show that the resulting spae is indeomposable (that
is, it is not loally isometri to a produt) if and only if A is non-
degenerate. On the other hand if A is degenerate then the metri (1)
deomposes to a (11 − k)-dimensional indeomposable CW spae and
the standard metri on R
k
, where k is the dimension of the radial of
A.
In order to make the dependene of the CW metri on A expliit,
we will let MA denote the spae with CW metri orresponding to the
matrix A. Some of the CW spaes assoiated with dierent matries A
are isometri. To be preise, two CW spaesMA1 andMA2 are (loally)
isometri if and only if A1 = c
2OA2O
−1
, where c is a non-vanishing
(real) onstant and O is an orthogonal transformation. Indeed, the
dieomorphism is given expliitly by rotating the xi by O and then
resaling x± 7→ c±1x±.
The moduli spae of eleven-dimensional CW metris is that of the
unordered eigenvalues of A up to a positive sale. This spae is dieo-
morphi to S8/Σ9 where Σ9 is the permutation group of nine objets
ating in the obvious way on the homogeneous oordinates of S8, that
is, on the eigenvalues (λ1, . . . , λ9) of the matrix A. The moduli spae
of indeomposable CW metris is
(S8\∆)/Σ9 where ∆ = {(λ1, . . . , λ9) ∈ S8 | λ1λ2 · · ·λ9 = 0},
whih is nonompat. Adding the deomposable CW metris ompat-
ies the moduli spae to S8/Σ9. This provides a simple example of a
phenomenon that has been observed in the ompatiation of many
other moduli spaes.
To show that the metri (1) is omplete, to nd the isometries and
to understand the global struture of MA, we shall onstrut MA as
a symmetri spae. To this end, let V be a real 9-dimensional vetor
spae and let V ∗ be the dual spae. We may identify V and V ∗ with
R
9
by hoosing a basis {ei} for V and anonial dual basis {e∗i } for
V ∗. We dene a eulidean inner produt on V by delaring the ei to
be an orthonormal basis. Let Z be a one-dimensional real vetor spae
and let Z∗ be its dual spae. We identify them with R by hoosing
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anonially dual bases e+ for Z and e− for Z∗. Finally let A be a real
symmetri bilinear form on V : A(ei, ej) = Aij = Aji. Then the 20-
dimensional vetor spae V ⊕V ∗⊕Z⊕Z∗ an be made into a solvable
Lie algebra with the following nonzero Lie brakets:
[e−, ei] = e
∗
i [e−, e
∗
i ] =
∑
j
Aijej [e
∗
i , ej ] = Aije+ . (2)
The brakets satisfy the Jaobi identity by virtue of A being symmet-
ri. We all the resulting Lie algebra gA, sine it depends on A. Notie
that the seond derived ideal g′′A is entral, whene gA is solvable. The
Lie algebra (2) is isomorphi to a Heisenberg algebra generated by
{ei, e∗i , e+} and equipped with an outer automorphism e− whih ro-
tates positions {ei} and momenta {e∗i }. Systems with suh symmetry
inlude the harmoni osillator, the Plank onstants being given by
the eigenvalues of A.
Let kA denote the abelian Lie subalgebra spanned by the {e∗i } and
let pA denote the omplementary subspae, spanned by {ei, e+, e−}. It
is lear from the Lie brakets (2) that
[kA, pA] ⊂ pA and [pA, pA] ⊂ kA ,
whene gA = kA ⊕ pA is a symmetri split. Furthermore, the ation of
kA on pA preserves the symmetri bilinear form
B(ei, ej) = δij and B(e+, e−) = 1 . (3)
Let GA denote the simply-onneted Lie group with Lie algebra gA
and let KA denote the Lie subgroup orresponding to the Lie subal-
gebra kA. Then the spae MA = GA/KA of right KA-osets in GA
inherits a Lorentzian metri from the KA-invariant bilinear form B
on pA. In this way, MA beomes a Lorentzian symmetri spae with
solvable transvetion group GA.
To express the metri on MA as in (1), we hoose a representative
σ :MA → GA of the oset as
σ(x+, x−, xi) = exp(x+e+) exp(x
−e−) exp
(∑
i
xiei
)
, (4)
where {x+, x−, xi} are loal oordinates as in (1). (Normally this an
only be done loally, but in this ase, sine MA is ontratible, we
an hoose a global representative.) The pull-bak to MA of the left-
invariant MaurerCartan form on GA an be written as
σ−1dσ = ω + θ ,
where the anonial kA-onnetion ω of the oset and the pA-valued
soldering form θ (whose omponents give rise to a frame) are given by
ω = dx−
∑
i
xie∗i
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and
θ = dx−e− +
∑
i
dxiei +
(
dx+ + 1
2
∑
i,j
Aijx
ixjdx−
)
e+ ,
respetively. In the above oordinates, the GA-invariant metri B(θ, θ)
on MA oinides with (1).
For later use, the Riemann urvature and Rii tensors of MA have
the following nonzero omponents
R−i−j = −Aij and R−− = − trA . (5)
In partiular, the salar urvature vanishes.
The holonomy of MA is isomorphi to KA ∼= R9 and the representa-
tion is indued by the adjoint ation ofKA on pA. It is not hard to show
that the KA-invariant subspae of
∧
pA is spanned by the onstants to-
gether with polyvetors of the form e+∧θ, where θ ∈
∧
V . This means
that the orresponding parallel forms onMA are the onstants together
with dx− ∧Θ where Θ is any onstant-oeient form
Θ =
∑
1≤i1<i2<···<ip≤9
ci1i2···ipdx
i1 ∧ dxi2 ∧ · · · ∧ dxip .
3. Hpp-waves from CW Spaes
The CW spaes MA desribed in the previous setion an be used to
onstrut Hpp-wave solutions of eleven-dimensional supergravity. The
bosoni elds of eleven-dimensional supergravity are the metri g and
the four-form eld-strength F . Sine we want the Hpp-wave to have
the symmetries of the CW spaes, it is natural to demand that F be
homogeneous, so that we shall hoose F to be a parallel form on the
CW spae. In partiular, we shall show that
ds2 = 2dx+dx− +
∑
i,j
Aijx
ixj(dx−)2 +
∑
i
dxidxi
F = dx− ∧Θ,
(6)
where Θ is a 3-form on R9 with onstant oeients, is a supersym-
metri solution of eleven-dimensional supergravity provided that
trA = −1
2
‖Θ‖2 = − 1
12
ΘijkΘ
ijk . (7)
In the onventions of [13℄, the eld equations of eleven-dimensional
supergravity [9℄ are
d ⋆ F = 1
2
F ∧ F
RMN =
1
12
(
FMPQRFN
PQR − 1
12
gMNFPQRSF
PQRS
)
.
(8)
For later use, we also give the Killing spinor equations of eleven-
dimensional supergravity. Let {Γa} be a basis in the Cliord algebra
ΓaΓb + ΓbΓa = 2ηab1 ,
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where ηab is the mostly plus frame metri. A onvenient basis for
investigating Killing spinors for the solution (12) is one for whih η+− =
1 and ηij = δij. The Killing spinors ε satisfy the equation
∇Mε = ΩMε , (9)
where
ΩM =
1
288
FPQRS
(
ΓPQRSM + 8Γ
PQRδSM
)
, (10)
and the spin onnetion ∇ is
∇M = ∂M + 14ωMabΓab . (11)
To see that (6) satises the eld equations of eleven-dimensional
supergravity theory, we remark that F is parallel, hene it is both
losed and olosed. Moreover it obeys F ∧ F = 0. Therefore F obeys
its equation of motion. Sine F is nullthat is, FPQRSF
PQRS = 0the
Einstein equations simplify to
RMN =
1
12
FMPQRFN
PQR .
The only nonzero omponent of the Rii tensor is R−− = − trA,
and similarly the only nonzero omponent of energy-momentum tensor
TMN := FMPQRFN
PQR
is T−− = 6‖Θ‖2, whene we see that in order to
obtain a bosoni solution, all we need to impose is the ondition (7).
It is lear from our onstrution that the solution (6) is invariant
under the ation of the Lie algebra gA of the transvetion group and
that it has the interpretation of an Hpp-wave aording to the denition
given in the introdution. The Hpp-wave (6) may be invariant under
the ation of a larger group. A detailed investigation of the symmetries
will be presented in Setions 5 and 6. Here we shall simply mention
that the Hpp-wave (6) is invariant under the ation of the Lie algebra
gA ⋊ (sA ∩ sΘ), where sA ⊂ so(V ) and sΘ ⊂ so(V ) are the isotropy
algebras of A and Θ, respetively, and ⋊ is the semidiret sum. The
ation of sA∩sΘ on gA is indued by restrition from the natural ation
of so(V ) on V ⊕V ∗ ⊂ gA. In the next setion we shall show that generi
Hpp-wave solutions preserve one half of the supersymmetry.
There are some speial ases of Hpp-waves that we an onsider.
One possibility is to hoose Θ = 0. In suh ase, the spaetime is not
neessarily Minkowski. The ondition (7) only implies that the trae of
A vanishes. The assoiated CW spaes are Rii at but not isometri
to Minkowski spae. However if A = 0, we reover eleven-dimensional
Minkowski spae. Therefore the moduli spae of Hpp-waves has a point
that preserves thirty-two supersymmetries. As we will see presently, it
has exatly one other suh point.
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Another ase that we shall fous later is to take
ds2 = 2dx+dx− +
∑
i,j
Aijx
ixj(dx−)2 +
∑
i
dxidxi
F = µ dx− ∧ dx1 ∧ dx2 ∧ dx3 ,
(12)
where µ is a onstant. In suh a ase the equation (7) implies that
trA = −1
2
µ2 . (13)
The isotropy algebra of F is so(3) ⊕ so(6). We shall show in Se-
tion 4 that for a speial hoie of A, this solution preserves thirty-two
supersymmetries. This is the KG solution of eleven-dimensional super-
gravity.
Another speial ase of (12) is the solution given in [22℄. This solu-
tion orresponds to a reduible CW spae. To see this, we write the
metri given in [22℄ as
ds2 = −dt2 + dx29 + 2br2dϕ(dx9 − dt) + dr2 + r2dϕ2 + ds2(R7) .
Next we hange oordinates
x± =
1√
2
(±t+ x9) ϕ˜ = ϕ + b(x9 − t) .
In these new oordinates the metri is written as
ds2 = 2dx−dx+ − 2b2r2(dx−)2 + dr2 + r2dϕ˜2 + ds2(R7) .
After periodially identifying ϕ˜ and hanging from polar (r, ϕ˜) to ret-
angular oordinates on R
2
, the metri we nd is that of a deompos-
able CW spae for whih A has two equal non-vanishing eigenvalues
λ1 = λ2 = −2b2.
4. Killing Spinors
There are two ases to onsider. First we shall show that generi
Hpp-waves (6) preserve one half of the supersymmetry, that is, that
they admit sixteen linearly independent Killing spinors. Then we shall
prove that there is a speial point in the moduli spae of these solutions,
whih is not Minkowski spae, where supersymmetry is enhaned and
the solution admits thirty-two linearly independent Killing spinors. In
partiular, we shall show that if
Aij =
{
−1
9
µ2δij i, j = 1, 2, 3
− 1
36
µ2δij i, j = 4, 5, . . . , 9
Θ = µdx1 ∧ dx2 ∧ dx3
(14)
then the solution (12) preserves all supersymmetry. This is the KG
vauum solution of eleven-dimensional supergravity theory.
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To begin the analysis, the nonvanishing omponents of the spin on-
netion one-form of the (12) solution are
ω+i = −ωi+ =
∑
j
Aijx
jdx− ,
where +i are frame indies. In addition, using that F−123 = µ and
all other omponents vanish, the F -dependent piee ΩM of the Killing
spinor equation (9) has the following nonzero omponents
2
Ω− = − 112µ (Γ+Γ− + 1) I
Ωi =
{
1
6
µΓ+ΓiI i = 1, 2, 3
− 1
12
µΓ+ΓiI i = 4, 5, . . . , 9 ,
(15)
where I = Γ123 obeys I
2 = −1. It follows from Γ2+ = 0 that
ΩiΩj = 0 for all i, j = 1, 2, . . . , 9. (16)
To solve the Killing spinor equations for the (generi) solution (6),
we impose the ondition
Γ+ε = 0 . (17)
In this ase, the Killing spinor equations redue to
∂−ε = 124ΘijkΓ
ijkε ,
where ε = ε(x−) is only a funtion of x−. This equation an be solved
and the Killing spinors are
ε = exp
(
1
24
x−ΘijkΓ
ijk
)
ψ+ , (18)
for some onstant spinor ψ+ suh that Γ+ψ+ = 0. It is lear from this
that the generi solution (6) preserves one half of the supersymmetry.
In partiular for the solution (12), the Killing spinor equations are
∂−ε+
µ
4
Iε = 0 , (19)
and the Killing spinors are given as
ε =
(
cos(µ
4
x−)1− sin(µ
4
x−)I
)
ψ+ ,
where ψ+ is again a onstant spinor satisfying Γ+ψ+ = 0.
Next we turn to nd the speial point in the moduli spae of (12)
solutions that exhibits enhanement of supersymmetry. Sine ∇+ = ∂+
and Ω+ = 0, we see that the Killing spinor ε is independent of x
+
.
Similarly from
∂iε = Ωiε (20)
and equation (16), we see that ∂i∂jε = 0, whene ε is at most linear in
xi. Let us write it as
ε = χ+
∑
i
xiεi ,
2
Throughout this setion, the indies on the Γ-matries are frame indies.
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where the spinors χ and εi are only funtions of x
−
. From equation
(20) we see that εi = Ωiχ, whene any Killing spinor ε takes the form
ε =
(
1 +
∑
i
xiΩi
)
χ , (21)
where the spinor χ only depends on x−. The dependene on x− is xed
from the one remaining equation
∂−ε = −12
∑
i,j
Aijx
jΓ+Γiε− 112µ (Γ+Γ− + 1) Iε ,
whih will also imply an integrability ondition xing A.
Inserting the above expression (21) for ε into this equation and after
a little bit of algebra (using repeatedly that Γ2+ = 0), we nd
d
dx−
χ = − 1
12
µI (1 + Γ+Γ−) χ
+
∑
i
xi
(
−1
2
∑
j
AijΓ+Γj +
1
12
µΩiI − 14µIΩi
)
χ . (22)
Beause χ is independent of xi, the terms in parenthesis in the right-
hand side of the equation must vanish separately. This will x A. The
remaining equation is a rst-order linear ordinary dierential equation
with onstant oeients, whih has a unique solution for eah initial
value. Sine the initial value is an arbitrary spinor, we see that the
dimension of the spae of Killing spinors is 32 and hene the solution
will be maximally supersymmetri.
To x A, notie that
ΩiI =
{
−1
6
µΓ+Γi i = 1, 2, 3
1
12
µΓ+Γi i = 4, 5, . . . , 9
and
IΩi =
{
1
6
µΓ+Γi i = 1, 2, 3
1
12
µΓ+Γi i = 4, 5, . . . , 9
whene the xi-dependent terms in (22) vanish provided that
∑
j
AijΓj =
{
−1
9
µ2Γi i = 1, 2, 3
− 1
36
µ2Γi i = 4, 5, . . . , 9 ,
whene A is diagonal with eigenvalues λi = −19µ2 for i = 1, 2, 3 and
λi = − 136µ2 for i = 4, 5, . . . , 9. In partiular it is nondegenerate,
whene the metri (1) is indeomposable. As a nal hek, notie that
trA = −1
2
µ2 as required from the equations of motion. We onlude
therefore that the solution (12) with A given in (14) is a maximally su-
persymmetri solution of eleven-dimensional supergravity. Notie that
HOMOGENEOUS FLUXES, BRANES AND MAXIMAL SUPERSYMMETRY 11
all nonzero values of µ are isometri (simply resale x−), whereas µ = 0
orresponds to eleven-dimensional Minkowski spaetime.
One an give a more expliit expression for the Killing spinors. De-
ompose the spinor χ as χ+ + χ−, where Γ±χ± = 0. Sine I preserves
ker Γ±, the rst-order equation for χ breaks up into two equations:
d
dx−
χ+ = −14µIχ+ and
d
dx−
χ− = − 112µIχ− ,
whih an be solved via matrix exponentials in terms of onstant spinors
ψ± ∈ ker Γ±:
χ+ = exp
(−1
4
µx−I
)
ψ+ =
(
cos(1
4
µx−)1− sin(1
4
µx−)I
)
ψ+
χ− = exp
(− 1
12
µx−I
)
ψ− =
(
cos( 1
12
µx−)1− sin( 1
12
µx−)I
)
ψ− .
Finally, we use equation (21) to arrive at the following expression for
ε in terms of the arbitrary onstant spinors ψ±:
ε =
(
cos(1
4
µx−)1− sin(1
4
µx−)I
)
ψ+ +
(
cos( 1
12
µx−)1− sin( 1
12
µx−)I
)
ψ−
− 1
6
µ

∑
i≤3
xiΓi − 12
∑
i≥4
xiΓi

(sin( 1
12
µx−)1− cos( 1
12
µx−)I
)
Γ+ψ− . (23)
Observe that the Killing spinors depend trigonometrially on x−.
These expressions agree (up to notation) with those found in [6℄ for
the KG solution.
5. Isometries
We shall begin by investigating the isometries of a generi CW spae
MA and then we shall speialise to those of the KG solution. Sine
MA = GA/KA is the spae of left osets ofKA inGA, it admits a natural
ation of GA. By onstrution, the metri onMA is invariant under this
ation and hene the assoiated transformations are isometries. This
means that there are 20 linearly independent Killing vetor elds ξX
eah assoiated with an element X of the Lie algebra gA of GA. The
map X 7→ ξX is an isomorphism of Lie algebras, where the Lie braket
of ξX is the Lie braket of vetor elds onMA. To express these Killing
vetor elds in terms of the oordinates {x±, xi}, we shall use the loal
oset representative σ given by (4) and at on it with GA from the left.
The resulting right-invariant vetor elds projet to Killing vetors on
MA relative to the GA-invariant metri. To simplify the expressions for
the Killing vetor elds, we will assume that the oordinates {xi} have
been hosen in suh a way that A is diagonalised: Aij = λiδij .
Let X ∈ gA and let t 7→ exp tX be a one-parameter subgroup of GA
with tangent vetor X at the identity. Ating with this one-parameter
subgroup on σ(x), we obtain
exp(tX) σ(x) = σ (exp(tX) · x) k(t, x) ,
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for some k(t, x) ∈ KA. Notie that k(0, x) is the identity for all x, hene
dierentiating k(t, x) with respet to t at t = 0 we obtain an element
(Y , say) of kA. Dierentiating the previous equation with respet to t
at t = 0 we therefore obtain (abusing notation slightly)
Xσ(x) = ξX + σ(x)Y ,
where Y ∈ kA and where ξX is the loal oordinate expression for the
Killing vetor orresponding to X . In other words,
ξX = Xσ(x) (mod σ(x)kA) .
To express ξX in terms of the oordinate vetors {∂±, ∂i}, we need
to reognise these in GA. Realling that the ation on oordinates is
inverse to that on points, the vetor elds ∂+, ∂− and ∂i at the point
with oordinates {x+, x−, xj} are the tangent vetors, respetively, to
the following urves on MA.
t 7→ (x+ − t, x−, xj) t 7→ (x+, x− − t, xj) t 7→ (x+, x−, xj − tδij) .
We an think of these as urves on GA by omposing them with σ.
Then their tangent vetors at the point σ(x) beome (with a slight
abuse of notation):
−e+σ(x) − e−σ(x) − σ(x)ei ,
whih are the expressions in GA for (the push-forwards via σ of) ∂+,
∂− and ∂i, respetively. Using the above omputations, we nd that
the Killing vetor elds assoiated with the ation of GA on the oset
MA are the following:
ξe+ = −∂+ ξe− = −∂−
ξei = −Ci(x−)∂i + Si(x−)xiλi∂+
ξe∗
i
= λiSi(x
−)∂i − Ci(x−)xiλi∂+ ,
(there is no sum over i), where the funtions Ci(x
−) and Si(x−) are
given by
Ci(x
−) =


1 if λi = 0
cosh
(√
λi x
−)
if λi > 0
cos
(√−λi x−) if λi < 0,
and
Si(x
−) =


x− if λi = 0
sinh(
√
λi x
−)√
λi
if λi > 0
sin(
√−λi x−)√−λi if λi < 0,
respetively. One an hek that the Killing vetor elds obtained
above do indeed form a representation of gA. We note that the su-
pergravity solution of Setion 3 assoiated with the CW spae MA is
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also invariant under the above isometries; that is, the above isometries
leave invariant the four-form eld-strength F as well.
For generi A these are all the Killing vetors of the metri (1), but if
A is invariant under some subalgebra sA ⊂ so(V ), then there are extra
Killing vetors orresponding to sA. Typially this ours whenever two
or more eigenvalues of A oinide. The subalgebra sA is generated by
the rotations that leave invariant the eigenspae orresponding to these
eigenvalues. The Lie algebra sA ats naturally on gA by restriting the
ation of so(V ) on V⊕V ∗ ⊂ gA. Sine sA leaves A invariant, it preserves
the Lie braket on gA and hene we an dene the semi-diret produt
gA ⋊ sA. It an be shown that this is the isometry algebra of MA.
The unenlightening proof (whih we omit) involves solving Killing's
equation expliitly.
The symmetries of the Hpp-waves solution (6) leave both the eleven-
dimensional metri and four-form eld strength invariant. Adapting
the explanation we have presented above for MA it is easy to see that
the symmetry group of Hpp-waves is gA ⋊ (sA ∩ sΘ), where sΘ is the
subalgebra of so(V ) that leaves the three-form Θ invariant. For exam-
ple, if Aij = δij , then the algebra of isometries of the CW spae MI is
gA ⋊ so(9). For the assoiated Hpp-wave (12), however, the symmetry
subalgebra is gA ⋊ (so(3)⊕ so(6)).
Now we shall investigate the symmetries of the maximally supersym-
metri KG solution, whih was originally omputed in [6℄. The eigenval-
ues of A given by (14) are negative, hene just like the Killing spinors,
the Killing vetors oming from the GA-ation depend trigonometri-
ally on x−. Apart from the symmetries assoiated with gA, this solu-
tion also has an additional sA ∼= so(3)⊕so(6) invariane beause A has
two distint eigenvalues with three- and six-dimensional eigenspaes,
respetively. The Killing vetors of the KG bakground are the follow-
ing:
ξe+ = −∂+ ξe− = −∂−
ξei = − cos
(
µx−
3
)
∂i − sin
(
µx−
3
)
µxi
3
∂+ i = 1, 2, 3
ξe∗
i
= − sin
(
µx−
3
)
µ
3
∂i + cos
(
µx−
3
)
µ2xi
9
∂+ i = 1, 2, 3
ξei = − cos
(
µx−
6
)
∂i − sin
(
µx−
6
)
µxi
6
∂+ i = 4, 5, 6, 7, 8, 9
ξe∗
i
= − sin
(
µx−
6
)
µ
6
∂i + cos
(
µx−
6
)
µ2xi
36
∂+ i = 4, 5, 6, 7, 8, 9
ξMij = x
i∂j − xj∂i i, j = 1, 2, 3
ξMij = x
i∂j − xj∂i i, j = 4, 5, 6, 7, 8, 9,
(24)
where {Mij; i, j = 1, 2, 3} and {Mij ; i, j = 4, 5, 6, 7, 8, 9} are generators
of so(3) and so(6), respetively.
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The bosoni generators of the symmetry algebra of the KG solution
is gA ⋊ (so(3) ⊕ so(6)) has dimension 38, whih (intriguingly) is of
the same dimension as the isometry algebras of the other nontrivial
maximally supersymmetri solutions: AdS4×S7 and AdS7×S4.
6. The symmetry superalgebra
In addition to the bosoni symmetries generated by Killing vetor
elds, solutions of supergravity theories preserving some supersymme-
try are also invariant under fermioni symmetries generated by shifts
along their Killing spinors. Combining the bosoni and fermioni sym-
metries, suh bakgrounds are invariant under the ation of a super-
group. In the ase of bakgrounds of the form AdSp×X , the preise
form of the assoiated Lie superalgebra was eluidated in [14, 24℄. In
this setion we do the same for the M-theory Hpp-waves of (6). We
shall rst nd the symmetry superalgebra of the KG solution and then
we shall give the symmetry superalgebra of a generi Hpp-wave.
The Lie superalgebra in question will be denoted S, and it splits into
even and odd subspaes S = S0⊕S1. The odd subspae is spanned by
the Killing spinors and the even subspae by those Killing vetors also
preserving F . In order to dene the struture of a Lie superalgebra we
need to onstrut linear maps
[·, ·] : S0 ×S0 → S0
[·, ·] : S0 ×S1 → S1
{·, ·} : S1 ×S1 → S0 ,
subjet to the Jaobi identities. The rst map is simply the Lie braket
of vetor elds and it learly satises the Jaobi identity. The seond
map is the ation of Killing vetors on Killing spinors, making the spae
of Killing spinors into a linear representation of the isometry subalge-
bra. As in [14, 24℄, this is ahieved by the spinorial Lie derivative. If X
is a Killing vetor, then one an dene a Lie derivative LX on a spinor
ψ as
LXψ = X
M∇Mψ + 14∇[MXN ]ΓMNψ .
As it has been explained in [14℄, this has the following properties:
1. If f is any smooth funtion and ψ is any spinor, then
LX(fψ) = (Xf)ψ + fLXψ ;
2. If X is a Killing vetor eld, Y is any vetor eld, and ψ any
spinor, then
LX(Y · ψ) = [X, Y ] · ψ + Y · LXψ ,
where · denotes the Cliord ation of vetors on spinors; and
3. If X, Y are Killing vetor elds and ψ is a spinor,
LXLY ψ − LY LXψ = L[X,Y ]ψ .
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Notie that the spinorial Lie derivative preserves the Spin-invariant
inner produt on the spae of spinors.
If X is a Killing vetor whih in addition preserves the four-form F ,
then it is easy to show that LX preserves the spae of Killing spinors
S1 of a eleven-dimensional bakground. Therefore S1 beomes a rep-
resentation of the Lie algebra S0: the Lie algebra spanned by Killing
vetors whih preserve F .
Finally, the last map {·, ·} in the struture of the Lie superalgebra
S is simply the squaring of Killing spinors. Indeed, it is easy to show
that if εi, i = 1, 2 are Killing spinors, then the vetor eld with om-
ponents ε¯1Γ
Mε2 is a Killing vetor. For the bakground in question,
these Killing vetors also preserve F . The seond property of the Lie
derivative guarantees that this operation is equivariant under the a-
tion of isometries, whih is one omponent of the Jaobi identity for
the Lie superalgebra S.
We will now expliitly exhibit the symmetry superalgebra. The om-
mutators of the bosoni part of the superalgebra are
[e−, ei] = e
∗
i [e−, e
∗
i ] = −µ
2
9
ei (i ≤ 3) [e−, e∗i ] = −µ
2
36
ei (i ≥ 4)
[e∗i , ej] = −µ
2
9
e+ (i, j ≤ 3) [e∗i , ej ] = −µ
2
36
e+ (i, j ≥ 4)
[Mij , ek] = −δikej + δjkei for (i, j, k ≤ 3) and (i, j, k ≥ 4)
[Mij , e
∗
k] = −δike∗j + δjke∗i for (i, j, k ≤ 3) and (i, j, k ≥ 4) .
(25)
To ontinue with the omputation, we introdue odd generators Q±
whih generate shifts along the the onstant spinor ψ± parameteris-
ing the Killing spinors in (23). As we have argued, the spinorial Lie
derivative preserves the spae of Killing spinors. Let ξ be a Killing
vetor eld. Ating on a generi Killing spinor ε(ψ+, ψ−), Lχ will give
a Killing spinor with dierent parameters ε(S−ξ ψ+, S
+
ξ ψ−). This de-
nes an ation of the Lie algebra of isometries on the spae of Killing
spinors, whose struture onstants are given by the onstant matries
S−ξ and S
+
ξ . An expliit omputation reveals that
[e+, Q±] = 0 [e−, Q+] = −µ4 IQ+ [e−, Q−] = − µ12IQ−
[ei, Q+] = −µ6 IΓiΓ+Q− (i ≤ 3)
[ei, Q+] = − µ12IΓiΓ+Q− (i ≥ 4)
[e∗i , Q+] = −µ
2
18
ΓiΓ+Q− (i ≤ 3)
[e∗i , Q+] = −µ
2
72
ΓiΓ+Q− (i ≥ 4)
[Mij , Q±] = 12ΓijQ± (i, j ≤ 3) and (i, j ≥ 4)
(26)
Using the Cliord algebra, it is easy to hek that this forms a repre-
sentation of gA ⋊ sA.
Finally we ompute the braket {·, ·} of odd generators of the sym-
metry superalgebra. For this let ε1 = ε(ψ+, ψ−) and ε2 = ε(ρ+, ρ−) be
Killing spinors assoiated with onstant spinors (ψ+, ψ−) and (ρ+, ρ−)
as in (23), respetively. Then the vetor V = ε¯1Γ
Mε2∂M is a linear
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ombination of Killing vetors with onstant oeients:
V = −(ψ¯−Γ+ρ−) ξe− − (ψ¯+Γ−ρ+) ξe+ + µ6
∑
i,j≤3
(ψ¯−Γ+IΓijρ−) ξMij
− µ
12
∑
i,j≥4
(ψ¯−Γ+IΓijρ−) ξMij −
∑
i≤3
(
ψ¯+Γiρ− + ψ¯−Γiρ+
)
ξei
+ 3
µ
∑
i≤3
(
ψ¯+IΓiρ− + ψ¯−IΓiρ+
)
ξe∗
i
−
∑
i≥4
(
ψ¯+Γiρ− + ψ¯−Γiρ+
)
ξei
+ 6
µ
∑
i≥4
(
ψ¯+IΓiρ− − ψ¯−IΓiρ+
)
ξe∗
i
, (27)
where Mij are the generators of the isotropy algebra sA of A. From
this one an read the antiommutators of the odd generators of the
superalgebra as
{Q+, Q+} = −Γ−C−1e+
{Q+, Q−} = −
9∑
i=1
ΓiC−1ei + 3µ
∑
i≤3
IΓiC−1e∗i +
6
µ
∑
i≥4
IΓiC−1e∗i
{Q−, Q−} = −Γ+C−1e− + µ6
∑
i,j≤3
Γ+IΓ
ijC−1Mij
− µ
12
∑
i,j≥4
Γ+IΓ
ijC−1Mij .
(28)
To summarise the (anti)ommutation relations of the symmetry super-
algebra of the KG solution are given by the equations (25), (26) and
(28).
The symmetry superalgebra of an M-theory Hpp-wave solution (6)
based on a generi CW spae is the following. The ommutators of the
bosoni generators are given in (2). This solution preserves only half of
the supersymmetry and sine the Killing spinor ε satises Γ+ε = 0, the
assoiated superalgebra ontains only Q+ generators. It follows that
the remaining non-vanishing ommutators and antiommutators are
[e−, Q+] = − 124ΘijkΓijkQ+ [Mij , Q+] = 12ΓijQ+
{Q+, Q+} = −Γ−C−1e+ ,
(29)
where Mij are generators of sA ∩ sΘ. The symmetry enhanement at
the speial point is dramatially illustrated by omparing the symmetry
superalgebra of the generi Hpp-wave, given by (2) and (29), with that
of the KG solution, given by equations (25), (26) and (28).
7. H-Branes
Reduing the M-theory Hpp-wave found above and using U-duality,
we an onstrut Hp-brane solutions in all type II supergravities. The
redution and U-duality for the metri and form-eld strengths are
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straightforward to perform. We should only ensure that at every stage
we hoose a CW spae whih is invariant under the diretion that the
redution and U-duality are performed. In partiular, this implies that
Hp-branes for p > 0 are assoiated with deomposable CW spaes.
The preservation of supersymmetry under redution and U-duality
is not obvious. This is beause the Killing spinors depend nontrivially
on most of the eleven-dimensional oordinates and in partiular x−.
We shall ome to this point later.
First we shall redue the M-theory Hpp-wave to IIA along the di-
retion y = 1√
2
(x+ + x−), where we have hosen x± = (±t + x10)/√2.
We shall fous in the redution of the Hpp-wave given in (12). This is
beause the four-form eld strength vanishes along the diretion xi for
i > 3 and the Killing spinors depend trigonometrially on x−. Using
the KaluzaKlein Ansatz leading to the string frame in IIA theory, we
nd the following H0-brane solution:
ds2 = −Λ−12dt2 + Λ12ds2(R9)
F4 = − µ√2dt ∧ dx1 ∧ dx2 ∧ dx3
H3 =
µ√
2
dx1 ∧ dx2 ∧ dx3
F2 = −dt ∧ dΛ−1
e2φ = Λ
3
2 ,
(30)
where Λ = 1+ 1
2
Aijx
ixj , F2, F4 are the RR eld strengths and H3 is the
NSNS three form eld-strength. Observe that near the origin xi = 0,
the metri of the H0-brane approahes Minkowski spae, the dilaton
is onstant, the two-form eld strength vanishes, and both H3 and F4
are onstant. Away from the origin, the dilaton, and so the string ou-
pling, inreases or dereases depending on whether along those dire-
tions A is positive- or negative-denite. Along the diretions that A is
negative-denite the dilaton will eventually beome omplex signalling
an instability in the theory. Despite the ompliated behaviour of the
solution in ten dimensions, the assoiated Hpp-wave solution in eleven
dimensions is smooth and preserves at least one half of the supersym-
metry. For example, the Hpp-wave assoiated with the KG bakground
has negative-denite A and so the dilaton beomes omplex for all x
suh that
µ2
9
(∑
i≤3
(xi)2 + 1
4
∑
i≥4
(xi)2
)
> 1 .
The assoiated Hpp-wave preserves all supersymmetry.
To onstrut other Hp-branes for p > 0, one performs T-duality
along the diretions x3+q for 1 ≤ q ≤ p on the H0-brane (30). We
now take Aijx
ixj to be independent from x3+q in whih ase the CW
spae beomes degenerate. For this one an use the T-duality rules
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of [3℄. Although the appliation of these rules is straightforward, the
expressions for the Hp-branes are rather involved mainly due to the fat
that the H0-brane has non-vanishing form eld-strengths from both
the NSNS and RR setors. One an easily see that the metri and the
dilaton for an Hp-brane are given by
ds2 = Λ−
1
2
(
−dt2 +
p∑
q=1
(dx3+q)2
)
+ Λ
1
2
(
(dx1)2 + (dx2)2 + (dx3)2 +
9∑
i>p+3
(dxi)2
)
e2φ = Λ
3−p
2 .
8. Supersymmetry and H0-branes
To investigate whether supersymmetry is preserved in the onstru-
tion of H0-brane from the Hpp-wave above, we observe that the met-
ri, the four-form and Killing spinors are independent of x+ and de-
pend trigonometrially on x−. For the ase of M-theory Hpp-waves
(12) that preserve one half of the supersymmetry, we an identify
x+ 7→ x++2πmℓ for any ℓ and x− 7→ x−+ 4pi
µ
n, for some m,n ∈ Z. For
even n we must take the trivial spin struture on this torus, whereas
for n odd we must take the nontrivial spin struture on the x− irle,
as the Killing spinors hange sign. To redue the metri and the four-
form eld strength of the Hpp-wave as above, we ompatify along the
diretion x10 by setting x10 7→ x10 + 2πnR for some n ∈ Z and R ∈ R;
x10 = 1√
2
(x+ + x−). Suh identiation is onsistent with supersym-
metry in eleven dimensions provided that either R =
√
2ℓ = 2
√
2
µ
or
R =
√
2ℓ = 4
√
2
µ
and an appropriate spin struture is hosen.
The above relations between the radius of ompatiation and the
periodiity of Killing spinors, although neessary, are not suient for
the redued solution to preserve some of the supersymmetry of IIA
supergravity. In fat, additional onditions are required for this to be
the ase. One suh loal ondition is that the Lie derivative of the
Killing spinors should vanish along the Killing vetor eld generated
by translations along the ompat diretion y. This is similar to the
ondition required for solutions to preserve supersymmetry after T-
duality in the ontext of tori hyperkähler manifolds [16℄; T-duality
in the ontext of supergravity an be seen as hidden symmetry of the
redued theory.
For the ase of the Hpp-wave, we an immediately see using (18) or
(19) that
Lξε 6= 0
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where ε is the Killing spinor and ξ∂y is the vetor eld tangent to the
ompat diretion; unless µ = 0 and the Hpp-wave solution beomes
Minkowski spae. Therefore we onlude that the H0-brane does not
preserve any supersymmetry of IIA supergravity. This an be veried
diretly: for example, one sees that the dilatino equation is not satis-
ed. This is another example of redution breaking the supersymmetry
of a solution in addition to those found in [1, 4, 20, 12℄.
The above onditions for the supersymmetries preserved by a solu-
tion after redution in the ontext of supergravity an be stated in
terms of the (anti)ommutation relations of the symmetry superalge-
bra of the original solution. To see this, reall that the ommutators of
the bosoni and fermioni generators of the symmetry superalgebra of
a solution are omputed by evaluating the Lie derivative of the Killing
spinors along the Killing vetors assoiated with the bosoni genera-
tors. It is lear now that the unbroken supersymmetries of the redued
solution are those fermioni symmetry generators of the original solu-
tion that ommute with the bosoni generator that is assoiated with
translations along the ompat diretion. In the ase of the Hpp-wave
superalgebra (29), sine e− and Q+ do not ommute, the H0-brane does
not preserve any supersymmetry.
A similar analysis an be done for the ase of Hpp-waves that pre-
serve all thirty-two supersymmetries in eleven dimensions. The only
dierene is that the identiation in this ase is x+ 7→ x+ + 2πmℓ
for any ℓ and x− 7→ x− + 12pi
µ
n, for some m,n ∈ Z. For even n we
must take the trivial spin struture on this torus, whereas for n odd
we must take the nontrivial spin struture on the x− irle. Note that
if instead we identify x+ 7→ x+ + 2πmℓ for any ℓ, x− 7→ x− + 4pi
µ
n,
for some m,n ∈ Z and take an appropriate spin struture, then only
sixteen supersymmetries are preserved in eleven dimensions.
The above analysis of supersymmetry suggests that if one does string
perturbation theory in the H0-brane bakground, the resulting spe-
trum will not be supersymmetri and it will most likely ontain tahy-
oni modes. However if additional possibly non-perturbative states are
inluded in the spetrum, then supersymmetry is restored in the theory.
9. HD-Branes and HNS-Branes
The solutions of M-theory that we have desribed in Setion 3 are
suitable for desribing the asymptoti region of D0-branes in on-
stant four-form eld-strength. Sine a onstant four-form eld-strength
does not vanish at innity, suh D0-brane solutions do not approah
Minkowski spaetime at innity. Instead, as we shall see, they approah
the solutions we have found in Setion 3. From the perspetive of M-
theory, the supergravity desription of D0-branes is as pp-waves. It is
then easy to see that the solution that desribes D0-branes in onstant
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four-form eld strength is
ds2 = 2dx+dx− +K(dx−)2 +
∑
i
dxidxi
F = µ dx− ∧ dx1 ∧ dx2 ∧ dx3 ,
(31)
where µ is a onstant and the eld equations imply that
δij∂i∂jK = −µ2 . (32)
A solution is
K = Aijx
ixj +
N∑
A=1
PA
|x− xA|7 ,
where xA are the positions of the D0-branes and PA are their tensions.
It is straightforward to see that the above solution preserves one half
of the supersymmetry. The Killing spinors and symmetry superalge-
bra are those of the solutions of Setion 3 preserving one half of the
supersymmetry. Away from the D0-branes the solution approahes the
solutions we have desribed in Setion 3. Near the entres, the solution
exhibits the same singularity struture as that of a pp-wave.
As in the ase of Hp-branes explained in the previous setion to
ompatify along a spae like diretion to IIA theory, we hoose x10 =
1√
2
(x++x−). In the string frame, the ten-dimensional solution is given
by
ds2 = −Λ−12dt2 + Λ12ds2(R9)
F4 = − µ√2dt ∧ dx1 ∧ dx2 ∧ dx3
H3 =
µ√
2
dx1 ∧ dx2 ∧ dx3
F2 = −dt ∧ dΛ−1
e2φ = Λ
3
2 ,
where
Λ = 1 + 1
2
K . (33)
If the matrix A is positive-semidenite, then the dilaton is large at
innity and the string oupling onstant is large. On the other hand if
A is not positive-semidenite, then there are regions of spaetime that
the dilaton is not dened; that is, it beomes omplex and multival-
ued. Nevertheless the existene of HD0-brane solutions in supergravity
theory suggests that there are setors in the Hilbert spae of string
theory in bakgrounds with homogeneous uxes whih are assoiated
with D0-branes. As in the ase of H0-branes, HD0-branes are not su-
persymmetri in the ontext of IIA supergravity.
One an onstrut HDp-branes for p ≤ 6 by T-dualising along the
diretions i > 3. The solutions are similar to those presented in the pre-
vious setion for the assoiated Hp-branes. The only dierene is that
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the funtion Λ appearing in the HDp-branes is given in (33). Using S-
duality one an onstrut HNS-branes and HM-branes. The singularity
struture of the new solutions is dierent from that of the assoiated
standard brane solution. For example onsider the metri of a HNS5-
brane in the string frame loated at x = 0
ds2 = ds2(R1,5) + Λds2(R4) ,
where Λ = 1 + Aijx
ixj + P
δijxixj
; i, j = 1, . . . , 4. For simpliity, we take
Aij = δij . The HNS5-brane spaetime is omplete with two asymptoti
regions. The near horizon geometry |x| → 0 is R1,6 × S3 as expeted.
However the asymptoti geometry as |x| → ∞ is not at as the NS5-
brane but R
1,5 × C(S3), where C(S3) is a onformally at one over
S3.
10. HF-Branes
A large lass of ux-branes, for example those assoiated with er-
tain Melvin solutions, an be onstruted by reduing a Minkowski
spaetime [11, 10℄. This lass of solutions leads to string theory mod-
els whih an be solved exatly [23, 22℄. Suh bakgrounds have been
used to investigate tahyon instability in losed string theory [22, 17, 7℄
and establish a onjeture for the equivalene of type IIA and type OA
string theory [2, 7℄; for more reent progress see [8℄. Instead of using
the Minkowski spaetime, one an redue one of our Hpp-wave solu-
tions and in this way obtain homogeneous ux-brane solutions in ten
dimensions, or HF-branes for short.
Instead of onsidering all ongurations that an be found in this
way, we shall fous here in an HF-brane that arises from the super-
position of a Hpp-wave with the F7-brane. To do this we onsider an
Hpp-wave (6) for whih the isotropy group of A ontains an SO(2) sub-
group and is invariant under translations along an additional diretion,
say x3. In this ase, it an always be arranged suh that
Aijx
ixj = b
(
(x1)2 + (x2)2
)
+ A˜(x)
where A˜(x) = Amnx
mxn for m,n ≥ 4, whene ∂3A˜ = 0.
We perform the redution along the orbits of the Killing vetor eld
ξ = ∂3 + BR∂ϕ, where x
1 = r cosϕ, x2 = r sinϕ, and where we have
periodially identied x3 ∼ x3+2πR. Next we introdue the oordinate
ϕ˜ = ϕ−BRx3 whih is onstant along the orbits of ξ. Expressing the
Hpp-wave solution in terms of ϕ˜ and x3 oordinates, we perform the
KaluzaKlein redution along x3. In partiular, we shall onsider three
dierent hoies for the three-form Θ in F of Hpp-wave (6). First we
take Θ to be non-vanishing along the diretions x1, x2. In this ase, the
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Hpp-wave solution that we shall redue to IIA is
ds2 = 2dx+dx− +
(
b
(
(x1)2 + (x2)2
)
+ A˜(x)
)
(dx−)2
+ (dx1)2 + (dx2)2 +
∑
i>2
(dxi)2
F4 = dx
− ∧ dx1 ∧ dx2 ∧
(∑
i>3
uidx
i
)
where b and ui are onstants and 2b+tr A˜ = −12umum. Reduing along
x3, we nd
ds2 = K
1
2
[
2dx+dx− + (br2 + A˜(x))(dx−)2
+
∑
i>3
(dxi)2 + dr2
]
+K−
1
2 r2dϕ˜2
F2 = d
(
Br2
K
)
∧ dϕ˜
H3 = −BRrdx− ∧ dr ∧
(∑
i>3
uidx
i
)
F4 = rdx
− ∧ dr ∧ dϕ˜ ∧
(∑
i>3
uidx
i
)
e
4
3
φ = K ,
(34)
where K = 1 + B2R2r2. It is easy to see if one takes A = 0, the
ten-dimensional solution beomes the F7-brane. Observe though that
the worldvolume of the F7-brane in the presene of an Hpp-wave, is
no longer a Minkowski spae. This is an example of a brane whose
worldvolume is urved [21℄. It is also straightforward to show that the
integral of F2 over the plane with oordinates (r, ϕ˜) is nite as expeted
for an F-brane.
Two more ases arise by hoosing Θ in dierent ways from the ase
we have investigated above. For example, if F4 vanishes along all dire-
tions x1, x2, x3, then the IIA three-form vanishes and the IIA four-form
oinides with that of the Hpp-wave (6). Alternatively, one an hoose
F4 to vanish along the x
1, x2 diretions but to be non-vanishing along
the x3 diretion. In this ase the IIA four-form vanishes but H3 = i3F4.
In both the above ases the metri and two-form eld strength of the
IIA theory are as in (34).
Sine the Killing spinors of the generi Hpp-wave solution (6) do not
depend on the oordinates x1, x2, x3 involved in the ompatiation,
the HF-brane that we have found in (34) may preserve some of super-
symmetry of IIA supergravity. The Lie derivative of the Killing spinors
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along the ompat diretion vanishes unlike the ase of H0-brane de-
sribed in Setion 7. However now there is a global ondition depending
on whether the Killing spinors are periodi or antiperiodi with respet
to the ompat oordinate. In the latter ase supersymmetry is broken.
The analysis is similar to that for the standard ux-branes in [7℄.
There are many other ases to be onsidered. For example, one
an also redue along a diagonal diretion whih involves the spaelike
diretion of x− and ϕ. In suh a ase, the IIA onguration ould
be interpreted as a superposition of an H0-brane with an F7-brane.
Many more solutions an be found by applying U-duality to the above
ongurations.
11. Conluding Remarks
It is natural to ask whether there are more maximally supersymmet-
ri solutions of eleven-dimensional supergravity. In fat there are not.
This result appears in [19℄ and onrmed in [15℄. Therefore the moduli
spae of simply onneted maximally supersymmetri solutions of M-
theory onsists of a real line and an additional point. The oordinate
on the real line an be hosen to be the salar urvature of the four-
dimensional subspae of the maximally supersymmetri AdS4×S7 and
AdS7×S4 solutions. The point with vanishing salar urvature an be
identied with the Minkowski vauum. The point orresponds to the
KG solution, whih does not have free parameters. Sine the KG solu-
tion has vanishing salar urvature, it ould also be identied with the
point of vanishing salar urvature but in this ase the moduli spae
would not be Hausdor.
The presene of unexpeted maximally supersymmetri solutions
in eleven-dimensional supergravity raises the question whether similar
solutions exist in other supergravities. Due to the large number of
symmetries, it is expeted that string theory on suh bakgrounds is
solvable or amenable to a CFT/AdS type of onjeture.
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